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Now WE'RE GOING To Focus on manifolds .

THESE ARE HAUSDORFF SPACES M Far Wheel :

For EACH XEM THERE'S An OPEN xEU×cM
For WHICH Ux EIR

"

THESE ARE
"

n - MANIFOLDS
"

er
"

MAN , rubs of

Dimension n
"

. For Now
,

WE'LL ASSUME

Compactness ; A Can PAET MANIFOLD is
"

closes
"

.

EID ① Surfaces ARE 2- Manifolds .

↳



~②

I•Uy
in

"

.

Sn is an n - manners .

Sn

THE INTEGER n = dim ( M ) is INTRINSIC :

Hi ( M
,
M ' six's )EHiCR "

, Rigo} ) ± Ii
. ,

' lo } ) trials" )
T t

Excision

wine axe Rn ¥"Ii.am?a9.t
.

now tie, (5-1)=74 irr i - I = n - I

# Sn
- '

I Rn .{ of|Hn(M
,

M ' { x } ) -1-0 anicy when n-cdiml.ru)
-



IF M is A ( CLOSED ) ORIENTABLE Manifold
,

THEN

Poincare
'

Dunnett Assents :

Heel M ) E ten
- h

( m )
RIK This win turd for Are KEI , .

far

AN STANCE :

tht > dimcm ) ( M ) = O = tf
't so

( m )

RMI WE want 'T Stew THIS
,

But Hk ( M ) is

FINITELY GENERATED .  As A RESULT of our

"

UNIVERSAL Coffin EXT The-then
"

he

f : HMM ) → Han ( Helm ) ,
74 )

WE teth :

Hk ( M ) E Hn . k ( M ) Modulo tension

Hk ( M ) I Hn . h . I ( M ) on Torsion SATRAPS .



INTUIT at . Canis , DER I
'

× S
'

Xo
b

a x

X :
a b a

• @
×

b
×

BUILD A Dune CELL Structure

×*
*

*X
't

:

•
s

a

ET C BE CHAINS : ( s ) → ( a ,b > → ( × )
b 't

C
't

BE Dunes : L x
't ) → Lot ,b

't
) → L s

't

>

THIS identification of Complexes IS CANONICAL

UP To SIGN :( WANT canonical ? TAKE 7/22
,

INSTEAD at 74) .



2 i  O

C BE CHAINS : ( s ) → ( a ,b > → L x )

C
*

BE Dunes : L x
't ) → Lot

,
b

't
) → L s

't

)

d : Ci → Ci - , ASSIGNS A sum of Cit ) - LEU That

ARE FACES of  ANi -CELL .

I : CEi → cz.it ,
ASSIGNS A

"

Sum of cites of Mecca

IT is A FACE
"

To A CEE .

Exif dcs ) = atb - a - b Ans 84*1 -
- att b

't

- a
'

- b
't

.

IN FACT

THEM
: C

,
→ 74 ARE CHARACTERIZED

( ab )
b

a
*

x* a
N

"

a
't (a) =/ a

't ( b ) -
- o

•
s ax Mb b*( a ) = O b 't (b) = I

( Now EXTEND uneasy ) .

b 't b

y ma ,
Mb > E H' (3×3) .



RMI THE CNDENLYING SIGN ISSUE in TAE ABaE
Cansino 47cal is ULTIMATELY TAKEN CARE of BY

THE Guenthner .

WHAT is An orientation , ?

DII AN ORIENTATION I OF Rn AT A POINT XEIR
"

is A CHOICE of GENERATOR of

Hn ( IR
"

,
Rn - Ex's ) I 74

- I
can , SIZER A SPHERE £ CENTRED At x EIR

"
so THAT

Hn ( IR
"

,Rii{ x1 ) I Hn
.
,( Rn . Ex } ) E Hm , CS

" ' )
WE 've SEEN : Rothmans HARE DEGREE I - FIXES GENTLER

Reflections HAVE DEGREE - I - FLIPS GENEVAN

RIK For n =3 This Is Exactly WHAT ITE Befitted
of THE

"

RIGHT HAND fire
"

e .

g . orientations

IN 1123 .



THIS Notion HAS THE
*

RIG HT
't

Flexibility :

s
s Turin?g:' 75 # neues ) em

Halpin
,

IRIB
)

n

R xeB/
than

?Rig×F
,

e.TYEB
c-  - - -

÷
- - - .  Halpin,

Rigg
)

DEI A
"

LOCAL orientation
"

AT XE M is A CHOICE of

Geithner

2µ× ) e Hn ( M
,

M ' { x } ) .

terrain 's notation :

ten (XIA) :=Hn( X ,
X - A )

THIS is THE
"

Lock tearaway of X At A EX
"

.

in PARTICULAR : cook crenation Mx E Hn ( MIX ) .



DEI AN
"

orientation
"

of A MANIFOLD M is

Fenimore
x T >

Mx
ASSIGNING TO Etten

XEM A LOCK orientation Mx c- Hn ( MI x )
SATISFYING

"

Lock Consistency
"

i
.

' Tutsis::*.EE:¥¥

µx=µB=MyFR Acc YEB .

in PARTICULAR , My DETERMINES Are THE My wink

HNCMIB) Hnlmly ) .

IF AN ORIENTATION EXISTS
,

M is
"

areenipnrsu "
.



EXP I
-

"" il:
"

:÷
. . .⇐ . .

'

'

Lock care science win BREAK HERE

Notice THAT THIS is Somewhat SIMILAR To )
REMINISCENT of our COHCMOLOGCC.AE ARGUMENT

ABWT
"

impost BE FIGURES
"

. CAN YOU BUILD AN

ASSOCIATED couture ( TRY MWING funkyc) ?

AS You know : K is 2- FOLD covered By THE

Toms T . insets IRZ

- as .IF-=I=TR '

T - -
- - → K-

.



in GENERAL
,

EVERY M HAS An orientable

Double - CAER NT {M×/µ× look chemistry of Marx }
I

As A SET

By car situation Ft → s M

µ×l→ x Is A 2- To - I scrotum .

Put A TOPOLOGY one NT : BC Rn CM AND A

GENERATOR

ur
MBEHn ( MIB )

NMB) ? { them /xeB an ,
Hn( MIB ) Hnlmlx )

MB - Mx
}

THIS Gives A BAGS of CPEN SETS . THE SWAT .

pim -7 M is A caeMnG space MAP :

p
. ' C Ux ) -

- Ulm. ) 't Utm )



EACH fix
E NT teas A CANONICAL Loche alien .

Given BY tix f Ha ( NT I µ ,
) VIA

Hnlm-lqxla-thlulq.mx) E Hn ( Bk )

Mx -1 Mx

Exec CHECK Loc Ae Caxsisixnccy .

for M carinated THEN !
HATCHER 3.25

M CRLEYTABE ⇐ NT HAS Two components .

(imgur.fi?mggauf?,simP4-camr-eEsmAnruds
Are )

THIS Fits INTO A MARE GENERAL SET - P :

NT → M EMBEDS in A CARTER CAER

Ma
,

- M



where Mq = { axe Hnlmlx ) Ix EM ? .

ME
,

IS INFINITELY STCEETED ,
to Chuy ?

-

-

.

#
M '

NT -
. M

,
UM

. I

Loosely

I
Mo

-
mi

- %.

- ×-mlMo=MI
THE MAP M → My TAUNG M to Mo is

CAREEN THE
"

ZERO Steal
"

.



A
'  '

Semana
"

is A MAP M → My
,

× it Xx

So AN orientation of M is THE SAME
Thing As A Sentral x Thx whim

FAM

HARKER 3.26 ↳ > ? ten ( M f × )

THI IF M is amenable Mum My ( M ) # Hn(M/x)

DIF An Element of Hu ( M ) WHOSE cuter in

Hu(MIX ) is A Grimmer For Ace x is

carved A
"

Fundamental crass
"

.

THI THE terser SUB Gras of Hue ,
( M )

HATCHER 3.28

Mo
MENCTABE .

⇐ I %
,

minima
.



LET M BE AN n - MANIFOLD
,

witch WE Assure

is CLOSED
=

-

LAST time : nerves Hn (MIX ) : -
- Hn ( M ;

M ' { x } ) E 74

A
"

come orientation
"

of M IS A Function

X T > Mx
Wtnh (

µ× ) E Hn ( MIX ) For ALL x

EM
SATISFYING

LOCAL Caxsisiznccy : if X ,y
E B

,INHALE B is An n - BAK

THEN Mx
= MB =

My B
a a a

Hnlmlx ) HnlMIB) Hncmly ) IT
112

Hnl M
,

. M ' B )
112

I ,



DEI M is
"

ORIENTABLE
"

if Such A Function Exists -

The er .

M is ahextnrsu then Mn ( M ) Hn ( MIX ) fxeM .

SEE AN Element of Hu ( M ) WHOSE earth IN flu (MIX )
IS A GtXEhAThR For Are XEXN is A

"
FUNDAMENTAL

crass
"

For M .

PIP IF A Fundamental CEASS Exists
,

M is GUERRE .

PREF GWEN y
c- Hn ( M ) such THAT Myx AND

Gn,
) ± Hnlmlx )

NOTE THE Hn ( M ) E-An (MIX )
a - ax\ a

* "

Hn (MIB)
#

mane B is A

BAU AND x E B .

By causeway
,

isomorphism facials Thrash the (MIB )
.

THIS DIAGRAM uErhFr⇒ Lock Caxsiszncy DE .



As A RESULT
"

FUNDAMENTAL crass
"

I
"

orientation , cross
"

.

WE'RE TRYING to unrevoked / Establish Hq( M ) E H
" - KLM)

For ORIENTATE M .

THE isomorphism is GENERATED By THE"

CAP Product
"

WE 'LL work WITH SINGULAR Homology ,
SO THAT :

Cn ( X ) Generates By s : Dn → X
He Han ( Calx) , 7) = CYX) Assigns Us :D

"
→ X ) c- I .

route : I YC s ) " ?G)
i

4 ( sllr.ir , ,
. . .

,
I

,
. . .

,
rn I ) .

so IF YE C
" ( x ) Amb Ye CMX ) tune

(4-4) 4414 .
. . . .vn 1) 4616 .

. ' .  - vn.ms )
T I

-

Z .



Similarly : so Cn ( x )
,

Ye Cm ( X ) n > m .

s n 4 ' . = Y ( sllro.ir ,
. . . . rml ) . b) term

,
. . . .vn )-

NEW Coefficient
An

- M
→ X

So b n tf E Cn
- m

( X ) . This inducts A Product are

Homology ; WWE

dfsny ) =L I )m ( dsn if - bn 84 ) .

LET'S THINK THROUGH THIS More formally :

cmlx ) ④ Cnlx ) '*s cmlx ) ④ Cn ( xxx )
4④s ¥4 cmlx ) ④ ( to Cilx ) ⑦ Gnilxl)

*
RMI The

' '

Ehtwtnai

"

* - cm ( x ) Cm ( x ) ④ Cn
. m

L x )
IS Sarrazin ,

WE'VE SEEN : -I
. .

I
funk ) -xHanlthlx)R)→ Cn .

mk )
b



THE INDUCED ( composite ) MAP is THE
"

cap
"

:

n : Hmlx ) ④ Hn ( x ) - Hmm ( x ) n > m .

EXI CHECK THAT IF 4
,

b GENERATE
,

4×0 b is An ELEMENTARY
TENSOR

,
AND 4ns is A CYCLE .

NOTE THAT IF f : X → Y WE GET A Funny INDUCED

Expression !

f* ( s ) n y . f* ( s n f 'T 4) )
s s n f 't (4)

THAT 's "

Hn ( × ) ④ Hm ( X ) Is
Hn

. m
( X )

f * ! If '

! f
,

ten ④HMY) -^ Hmm ( Y )
4 f

*
Is ) n 4



Now For M An are ENTABLE MAN , ferns :

PD : HMM) → three ( M )
4- IM ]n9

WHERE ( M ) is THE Fundamental crass For M ne

AMI ) ± Hncm ) .

THI ( POINCARE
'

Sunray ) PD = ( M ) n -

is An isomorphism .

EXAMPLE : THE 2- Torus SEE HAMMER 3.31

-
.

→
b

:;: REPRESENTATIVE

For LT )
.

( farming HIT )±74 ) .



ON CELLULAR trance LOGY This Should BE 1ms To BE

( le ' I ) E GCS 'xS
'

) = I ( = Hats 'S ' ) )
b b

> S )

r Sz > an .pt a a

T '

a

- s
. s

,

'

a ⇒
( ie e

'
-

- PD (pt ) )
L by

+
b

canister

"

b = bit bz - Sz - by C- Cz ( T ) I 74
"

⇒ ( 1,1
,

-1
,

-1 )

NOTE THAT d ( b
,

t bz - by - by ) = a t b - a - b = O

so THAT b is A CYCLE , thence ( s > = [ T ] ,

r +
'

Now WE Also team C
,
( T ) = 746

r
t

-

^

<
-

S

H
,
( T ) = La

,
b )

'



Ans we tune H' ( T ) I Han ( tilt )
,

2 )
is

y e- ( ans I
,

bro )

anP na f - ( at ' 0
,

b - I )
&

ol
'

b
a

•

1 of a

"

so

•
"

Y :C
,

→ 74 Y :C
, -2

Now Caesar THE map IT ) n -  : H' ( T ) - H
,

( T )

Definition : I T ) n Y = s n 4 = 4 ( sllvo.ir .
I ) . I r

, ,Vz )
WHAT Does This MEAN ? ( V. ,

a
, ,Vz ] @DEED ) 2 - Simplex

AND WE WANT on Els ) such THAT Lf is Not - ZERO cm I ,V ,
) -



s n 4 = b
, n U t bz n 4 - bznlf - by Alf

.

-

•
- 4( sylar. I vi.is )

° - I
< Sy at

,

I

•

,

°

II • > 2=1 SAY = - b

b -
- Lv , .rs/f-lv..v . ) )

-

s.nu/f-s.n4)=4(s./Cr.r.1)lv.v.1--
aT.SE

- b poi - care
'

Done  to X

a - . .  -

P



Grew This ALAN - . .

r

by
v

^

③
> a

O - ( x. g) → Lais ,c )

Is
Lv ) - so

a. b. c -3 b- V
a

c a x - > bta - c

y
- -

Ctb-1
a

v• >
r

b
2=6 .

y > Lahey a
c-  - atb

so IT )=x -

y ,
* N :C

,
G) → I .

now : It ) nM = x n tf - y nM

=yCb)a - Malls
•

-

- ft;
rn

:

- For
. .  so



LET I BE A
"

DIRECTED SET
"

This MEANS : I is A SF WITH A PARTIAL
order E SATISFYING ,

Far etat PAR d. PEI
FjeI For which asf And PET .

Edp Rootes TREES : TREES T WITH Distinguished
" Root

" VERTEX canes y :

x e
• @ A •  9

¥ t.tt

÷ , x-p ⇒ up

y

suppose THAT Ga Eats Grp For LEI AND Ford ,fEI
Morphism

tap : Ga → Ge wtu-m.mx asf



Sven THAT ( i ) fan = IG ,

(2) fay = fpgofap For a Eff 6

This DATA { Gg } is A
"

BREED system
"

in ab Gpp .

DEI Lig G ,
= & % where n is Given BY

a -
. fapla )

This Stewed output A GROUP ; filth's An EQUIV . But

Mart MANAGEABLE VIEW :

ET an b

ga
,

Ag
,

' F £86) =fpylb ) For same 8

GAI, }Gea ,

> l



not the (a) t I b) = I a

't
b

' ) where a' e Ca ]

b' e C b ]
such a

'

,
b' e Gg .

This GIFs ¥ = § ↳
ADDITION IN

A Gras structure so Ge ab Grp .
GV .

EE IG = his Ga .

EIP Gy = Eh For a f All ( NEE TEAR arisen ⇒ Directed ⇒
AND fap=xI

Them I x ) E Ey X = ( X , ,Xz,Xz , Xy - - -
- )

↳

t ,z( X
, )=Xz=x ,

( ( x ) -
- ly ) ⇐ Xi

-

-

yi V i > SO . .  . in Fact fi )
other : G = Is Ga = I .



FAI if J CI such THAT HA E IF PET
For which

2 f f
the ' Es Ga = Ifs Ga

so IF I tips A MAXIMAL Element
,

Y SAY ,

THEY
J = { 8 }

m '

tiny Ga = ghggisfs = Gg -

Now Suppose X is A space with Xd CX

Xac Xp ⇐ asf
"

Hi ( Xa ) Hit Xp ) ( up
-

- i* )
This Gluts A DIRECTED system in ab Grp .



PRI if Entry Campari SET IN X is Comments in

some Xx Thi '

tis Hika ) E Hi ( X )
NOTE :  - - . Hi ( Xa ) Hi ( Xp ) - - -

i
* he fix

Hilx )

WE WANT TO VSE THESE units To DEANE

"

Cohomology with Camp Aet Support
"

LET X BE A SPACE AND LET K CX BE Campari .

Kac Kp ⇐ asf
consider H

" ( X
,

X ' K ) IF Ka c Kp Them

( X
,

X . Kp ) - C X. X . ka )
Hilx

,
x. Kp ) ← Hilx

,
X. ka )



DE Hic C x ) = his hi ( X
,

X ' Ka )

Rink if X is Canete THEN Hic ( x ) = H'
'

( × )
\

MAXIMAL
(

For INSTANCE : ALMANFAD
Camp Act

CLOSED

End cars .mx HE ( pin ) =
him Httfpi ,

IRN - K )
EVERY compact K is catmints in sane

CLOSED BAN Br CENTRES AT o→ of

RADIUS r 30 .

arm ,
so : 17ns Picks at T c I ( J .

- IR , )
INT . MAY As were TAKE r E IN .

WE !↳Hn(pi
, pin . Br ) Hnl Rn

,
Rn - Brt , )

- -

tick " I Br ) HYIRIBRT , )



so HE C pin ) a- 74 ( ¥ HE Cpt ) = Hn Got ) )
n > O\

NT AN invariant of fecurotzpy TYPE .

( crew Hi Cpi ) = o ) .

THIS MACHINERY LETS us Define Duality Far

NON - Can Part ORIENTABLE MANI Ferriss :

th (MI Kp) × Hhlmlkp ) in
.

it , Hn
. KIM )

thlmlkalxtikcmliiij,
*

NOTE THAT My
= c'

*
(
Mp

) Ter route orientations
#

THI PD : Mhc ( M ) → th . h ( M ) is An isomorphism

HARRIER 3.35 For Ace k WHEN M is alienable MANIFOLD .

NOTE : WHEN M is compact , teres is DESIRES STATEMENT .



CNE of THE KEY STEPS IN THE Proof is THE
"

Lock
"

chin i

when Rn -
- M REGARD IR

"
As int ( An ) so THAT

I An ) n - : Hhlbn
,

do ) I
three Cbn )

in the case ten : H
" ( A

"

,
do ) E Han ( Halfdan)

, %)
⇐ 1414601=1 >

unpack Definition of CAP Product :

An n I is THE CAST VERTEX of An
which REPRESENTS A Genthner of Ho ( An )

( A ) : if M = A VB is THE union , of open SETS

AND PDA , PDB , PDA ARE isomorphisms

THEN
PDM

is An Isomorphism Too .



( B ) if th is A union of U
,

C Uz C - - -

And RM

ppg : HE Cui ) # Hn
. k

( ki )
THEN So is PDM .

( tune use Hn . k C m ) I Listen
.ee Chi ) ) .

[ READING i FULL Proof IN HATCHER ] .

CRI IF M IS CLOSED orientable n - MANI Ford

unique 3.37 AND n is ODD MEN X ( M ) = O .

proof rank Hi ( M ) = rank ten
- ich ) Irank Hnilm )

£ Just Cannot

So XCM ) .
- ⇐ C- sina.hH.cm )

at Q -

- r - n - I⇐ ± ( rank Hilir ) - rank Hnilm ) )CDD
=

= O . 8D .



OTHER Farms .

Ttm if K is compact AND Lockey caxirhtctl BE in M

HARRIER 3.44 'm→

Hi ( M
,

Mak ) I ten
- i ( K )

CRI ( ALEXANDER du Arity ] if K compact
, Nani - EMPTY

,
PRIER

,

Hatcher 3.45 Comley centiliter IBE in Sh THEN

Hit ,
( 5,5 . K) ± Ii ( S

"
. k ) = In - i - ' ( k )

For Most i

Two EXAMPLES RELEVANT To our COURSE ?

just an , S
'

① suppose K as £ is A knot THEN

H ,
( S3 ' K ) ± H' ( k ) ± I ± H

,
(
Kt)

② Suppose F - 33 is A ( SEIFERT ) surface so THAT dF=K .

H
,
( S3 ' F ) E H

'

( F ) E H
,

(F) ¥2,28 't )


